Abstract-Using the knowledge gained from the wave chaos theory, we present simple shapes of resonant cavities obtained by inserting metallic hemispheres or caps on the walls of a parallelepiped-shaped cavity. The presented simulation results show a significant improvement of the field statistical properties when the number of hemispheres or caps increases, and the comparison with a classical reverberation chamber geometry shows an improved homogeneity and isotropy can be attained using these new proposed shapes.
requirements of a well-operating RC, the stirring phenomenon in RCs has been widely studied [13] [14] [15] . In an ideal chaotic cavity, these statistical properties are a direct consequence of the design without the help of any mechanical movement. Therefore, numerous studies on chaotic microwave cavities have focused on topological properties and several cavity shapes of intrinsic chaotic behavior [9] , [16] , [17] . A hybrid approach is adopted in this paper. Although each presented cavity is provided with a mechanical stirring system, we aim at optimizing the intrinsic properties of the cavity shape for a fixed position of the stirrer. The basic idea is that the improvement of the field statistical properties for the static cavity might result in a better operation over a stirrer rotation.
The impact of intrinsic (i.e., unstirred) reverberation cavity properties on the field homogeneity with a stirrer in movement has already been discussed [18] and cavity shape modifications have been proposed, which consist for example in replacing flat walls by irregularly shaped ones [19] or placing corrugated or curved wave diffractors on the chamber walls [11] , [20] . In this paper, we take advantage of the knowledge gained from the study of chaotic cavities in various physical contexts, to propose new RC shapes leading to improvements of the fields properties in comparison to regular RC cavities. By means of the finite element method, resonant modes of a classical RC and of three different chaotic chambers are obtained, and their statistical properties are compared. Two chaotic RCs show remarkable features, namely almost perfect statistical homogeneity and isotropy of fields.
II. CHAOTIC MICROWAVE CAVITIES
One of the most fruitful applications of the wave chaos theory to electromagnetic systems stems from the analogy between the Schrödinger and Helmholtz equations in the case of a flat 2-D cavity [6] . The Schrödinger equation being scalar, the small cavity height allows the problem reduction to a 2-D system with a single field component, so that the analogy directly appears. Within a flat cavity parallel to the xy plane, we recall that the Helmholtz equation for harmonic E z component reads
where k is the wavenumber. The boundary conditions on the cavity vertical walls are Dirichlet boundary conditions E z = 0. This is formally equivalent to the time-independent Schrödinger equation for a quantum particle of mass m and energy E = 2 k 2 /2m in a 2-D infinite potential well. Due to this formal correspondence between scalar Helmholtz and Schrödinger equations in 2-D [21] , most studies of chaotic electromagnetic 0018-9375 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information. cavities were carried out using 2-D systems [16] , [17] , [22] . Although the extension of quantum techniques to a fully vectorial Helmholtz equation is not straightforward, a few studies of 3-D cavities have shown similar properties [23] [24] [25] .
In the Wave Chaos theory, it is assumed that deterministic wavefields in complex geometries can be represented and analyzed by statistical methods. This property relies on the fact that the spatial distributions of the eigenfunctions of a resonant ergodic cavity appear to be uniform and isotropic. According to Berry's hypothesis [9] , [26] , originally proposed in the context of Quantum Chaos, a typical mode of an irregular cavity has all the characteristics of a Gaussian random field in the semiclassical limit (i.e., for high frequencies). This hypothesis can be heuristically understood within the geometrical limit of rays at high frequency [9] . Indeed, for ergodic enclosures the chaotic dynamics of rays leads to modeling eigenfields as a superposition of plane waves with fixed wavenumber but random directions and phases. An example of ergodic mode in a 2-D chaotic cavity (half Sinai billiard [27] ) is shown Fig. 1(a) .
Such a semiclassical analysis also leads to statistical predictions about the sequence of eigenfrequencies. The salient feature of this approach lies in the fact that, whatever the specific details of a chaotic cavity, its spectral fluctuations exhibit a universal behavior. This universality underlies the relevance of a global approach consisting of generating artificial spectra through the eigenvalues of large random matrices. This is precisely the concern of random matrix theory (RMT) [28] . The intimate connection between semiclassics and RMT has been anticipated by the famous Bohigas-Giannoni-Schmit conjecture [29] and verified many times in various contexts [6] . Within the framework of RMT, the Gaussian randomness of modes is directly obtained from the statistical features of eigenvectors of random matrices. Deviations from universal behavior are an important issue and are equally manifested in the field distributions of modes and in the fluctuations of the corresponding spectra [7] .
As an illustration in a 2-D chaotic cavity, a mode showing a clear deviation with respect to the ergodic universal behavior of the field is depicted in Fig. 1(b) . This mode is often referred as a bouncing-ball mode since it is built on ray trajectories bouncing back and forth between parallel walls. The properties of statistical homogeneity and isotropy are therefore not fulfilled for such modes. Due to their regular occurrence in the spectrum, bouncing-ball modes contribute to significant spectral fluctuations on a large frequency range (compared to the mean spacing between adjacent eigenfrequencies) as will be illustrated in Section V. In a 3-D parallelepiped-shaped cavity with defocusing parts of the boundary, chaotic ray motion is expected. However, regularity of modes may subsist due to continuous families of ray trajectories which bounce in a plane orthogonal to a pair of parallel walls. Indeed, such families of marginally stable (nonchaotic) orbits correspond to bouncing-balls orbits when only two parallel walls are involved, or to trajectories lying within a plane perpendicular to the both pairs of walls intercepting them [25] . A local quantization of the wave vector along these orbits leads to modes we coin tangential modes (TgM) [30] , which constitute the most important family of regular modes. However, it is to be noticed that, contrary to electromagnetic tangential modes of a parallelepiped-shaped cavity, the vanishing of a wave vector components only occurs in a part of the cavity. In the following sections, we will show how to reduce the spatial and spectral influence of regular modes and thus obtain ideal homogeneity and isotropy for almost all modes of a chaotic RC.
Drawing inspiration from the 2-D chaotic cavity of Fig. 1 [27], we studied three parallelepiped-shaped cavities of dimensions W = 0.785 m along x-axis, L = 0.985 m along y-axis, and H = 0.995 m along z-axis, provided with metallic hemispheres or spherical caps on their walls (see Fig. 2 ). We denote as a hemisphere a spherical cap whose protrusion inside the cavity is equal to its radius. Hemispheres and caps positions are chosen to avoid any geometrical symmetry. Hemispheres have a radius of 15 cm and caps of 45 and 50 cm. The highest penetration depth of the caps within the cavity is of 15 cm. The first cavity, Cavity_1 [see Fig. 2(a) ], is directly inspired from the 2-D cavity of Fig. 1 . It comprises a hemisphere fixed on its wall at z = H. For the second cavity, Cavity_2 [see Fig. 2(b) ], a second hemisphere has been added on the plane y = 0. The third cavity, Cavity_3 [see Fig. 2(c) ], comprises two caps on the planes z = H and y = L, as well as one hemisphere on the x = W plane. The choice of the geometric modifications from Cavity_1 to Cavity_3 will be discussed later on while explaining how nonergodic modes can appear within these cavities. In these three cavities, the stirring process, beyond the scope of this paper, can be ensured by moving one (or two) hemisphere(s) on the related wall, for example, by moving the hemisphere center along a circle.
To assess the respective performances of the chaotic cavities, the distributions of the three electric field components are examined for each of them and compared to the case of a parallelepiped-shaped cavity equipped with a mode stirrer [see Fig. 2(d) ]. The shape and location of the latter conform to an industrial RC, except a global scaling factor. As for the three other cavities, the cavity with the mode stirrer is studied in a fixed configuration, i.e., for a single position of the stirrer.
The three cavities are simulated, without considering any excitation antenna, by using the eigenmode solver of HFSS software. The first 450 resonant modes of each cavity are obtained. The corresponding resonant frequencies vary between 214 MHz and about 1.28 GHz. To study the field distributions, the values of the three electric field components are recorded for each eigenmode at 1001 points within the cavity volume. As shown in Fig. 2 , these points are taken on a 3-D grid sampling a reduced volume in the cavities. The distance between two adjacent lines as well as between the limits of the volume of use and the cavity is of 50 mm. This distance between two adjacent points corresponds to the recommended minimal quarter-wavelength distance [31] for the higher studied modes; however, we chose to keep constant the number of samples because of the use of a goodness-of-fit test which is sensitive to it. For each eigenmode, the mean of the square electric field amplitude on the whole cavity volume is normalized to one. Simulations are performed without considering any losses in the cavity, so that the electric field components are real.
In Section III, we focus on the electric field properties. Using simulation results, we first consider the distribution of each Cartesian field component and determine if a Gaussian law is followed. In Section IV, dedicated to the field isotropy, we propose to use the standard deviations of the electromagnetic field components to build an indicator of the field isotropy. In Section V, we show that the conclusions of the previous sections (related to spatial statistics) can also be established through the spectral statistics of the cavities: the more complex the geometry, the more reduced the deviations from the universal behavior. In Section VI, the total response is rebuilt from the eigenmodes in order to apply standardized criteria to the studied cavities.
III. FIELD DISTRIBUTIONS OF EIGENMODES
We first examine the distribution of the three Cartesian electric field components for each eigenmode. The orthonormal basis is defined according to the cavity edges as reported in Fig. 2 . In a well-operating reverberation chamber, as for the ergodic modes of a chaotic cavity, a centered normal distribution is expected for each real field component.
Let us consider as an example the mode at 999 MHz (232th mode) for the cavity with one hemisphere, i.e., Cavity_1 (see Fig. 3 ). The mapping of the electric field amplitude shows, while comparing to the parallelepiped-shaped cavity, that the disturbance associated with the hemisphere is global within the cavity, and not located in the vicinity of the hemisphere. From the 1001 values of the electric field components extracted along the 3-D grid, we build the distribution of amplitude of each field component of this mode. In Fig. 3 , the numerically obtained histogram for E x is successfully compared to the probability distribution function (PDF) of the centered normal law having the same standard deviation as the simulation data. To quantify the agreement, the Kolmogorov-Smirnov (KS) test at 95% confidence is used. The result of the test is 0 if the histogram and the normal law match within the confidence interval and 1 otherwise. For the mode studied in Fig. 3 , the answer is 0. Let us now consider the mode at 994 MHz (230th mode) for the same cavity (see Fig. 4 ). The regularity of the field mapping, with a periodic repetition along x-and y-axes of a nearly identical sinusoidal pattern, indicates that this mode corresponds to a tangential mode lying in xy plane. The associated histogram of E x confirms this observation as it is not fitted by the centered normal law of the same standard deviation: the answer of the KS test is 1 in this case.
The insertion of a second hemisphere [see Fig. 2(b) ] aims to eliminate this kind of tangential mode because it breaks up the two facing planar surfaces. Tangential modes are however still observed, as with the 174th mode corresponding to a reflection between the bottom and the top of the cavity (see Fig. 5 ). The replacement of hemispheres by caps [see Fig. 2(c) ] in the third cavity allows a reduction of facing plane surfaces. The suppression of the reflection between the two vertical walls orthogonal to the x-axis is however ensured by inserting a hemisphere instead of a cap for stirring purpose; the stirring process, not considered here, will be presented in the conclusion. We will see in the following that, according to these design principles of a chaotic cavity, the field properties are progressively improved through the modifications from Cavity_1 to Cavity_3. However, even with Cavity_3 the statistical requirements are not followed by all modes, and the stirring process could be of some help especially in the undermoded regime to improve the field properties [18] .
Before checking if the eigenmode field components are normally distributed, we firstly search if modes having a vanishing component appear because of the strong degradation of the field isotropy they would imply. As the numerical field values issued from simulations are never strictly null, a criterion is necessary to decide if a field component of a mode can be considered as vanishing (and thus only attributed to numerical noise) or not. To this aim, the empty parallelepiped-shaped cavity having the same dimensions has been simulated in the same conditions; as the null components are analytically known in this case, the related simulation results have been examined, and the criterion of (2) to consider a field component E i of the electric field E as practically vanishing has been determined:
where μ(x) indicates the mean value of x on the 1001 points. This test has been performed on all modes of the four cavities. Contrary to the empty parallelepiped-shaped cavity, no vanishing component has been found for the four presented cavities. It means that, even if the vanishing of one field component is locally possible, for example, in a plane where a bouncing ball phenomenon is observed, all the modes have three nonvanishing components. The KS test is performed with the first 450 eigenmodes of all cavities. The results obtained for the E x components of the eigenmodes are given in Fig. 6(a)-(d) for the four cavities. The increase of the number of zero-answers due to hemisphere and cap insertion clearly appears. Moreover, the Gaussian character of the field improves with increasing frequency in the four cavities: whereas the E x components of a large majority of the first modes are not normally distributed, the zero answers are majority after the 120th mode. The same tests performed on E y and E z components of the modes confirm these findings. The results obtained for the three electric field components are summarized in Table I . The normal law is largely followed in Cavity_3 with a success ratio of the KS test above 89% for each electric field component when considering all modes. The lowest ratios are related to the cavity with one single hemisphere. The results obtained for the two other cavities are similar, with a mean success ratio over the three components of 84.4% with two hemispheres and 87.3% with a stirrer; however, the cavity with a stirrer presents a higher heterogeneity of the results associated with each component, the success ratio varying between 81% and 90% in this case against a variation between 84% and 88% with the two hemispheres.
As in all cavities, most of the first modes do not pass the test and the success ratio increases with the mode order, the success ratio has been calculated by excluding the first 30 modes (in brackets in Table I ). All the success ratios are then increased. Thus, in Cavity_3, the success ratio of the KS test exceeds 92% after eliminating the first 30 modes.
As the three field components are normally distributed for an ergodic mode, we then search the modes whose three components follow a normal distribution. Table II summarizes the results of this global test for all the modes in all cavities. It clearly indicates that the insertions of a second hemisphere and then caps significantly increase the number of modes with three normally distributed components. Once again, the best homogeneity is obtained for the cavity with two caps and a hemisphere: 79% of the modes have their three components following a normal distribution, and the success ratio reaches 84% after eliminating the first 30 modes. According to this test, the homogeneity obtained with two hemispheres is better than with the stirrer (with a success ratio of 76% against 72%). As expected, the cavity with one single hemisphere leads to the lowest success ratio, with a value of 64%. The success ratios obtained while excluding the first 30, 50 or 100 modes are also indicated in Table II . All the success ratios increase with the number of excluded modes, but the conclusions on the comparison between the four cavities remain unchanged. Besides homogeneity, the field is also required to be isotropic in a well-operating reverberation chamber. We recall that an ergodic field is also isotropic [9] . The field isotropy will be examined in Section IV.
IV. STANDARD DEVIATION AND ISOTROPY OF EIGENMODES
To investigate the field isotropy, the standard deviations of the three Cartesian field components of each mode will now be examined.
The field isotropy implies an equality of the standard deviations of each field component. Therefore, we examine here the standard deviations of the three electric field components for each eigenmode, and use the difference between them as an indicator of the field isotropy.
The standard deviations σ i are calculated for each eigenmode from the component values at the 1001 sampling points, for each cavity. The mode dependence of the standard deviation of E z component is depicted in Fig. 7 for Cavity_1 and Cavity_3; similar fluctuations are obtained for the other field components. We notice a decrease of the standard deviations fluctuation when frequency increases for both cavities. Whatever the frequency, the standard deviation fluctuations are much smaller in Cavity_3. The value of 1/ √ 3 ≈ 0.577 indicated in Fig. 7 corresponds to an ideal Gaussian mode of unit mean amplitude and whose three orthogonal components have a zero mean and identical standard deviations. It is expected in a chaotic cavity that the standard deviations fluctuate around this value. This behavior is observed with a smaller fluctuation in Cavity_3 than in Cavity_1.
The mean values of the standard variations of each components are given in Table III ; the first 30 modes have been excluded to the mean calculation as we already showed that the first modes are not homogeneous. The obtained mean values are compared (between brackets) to the ideal 0.577 value. It appears that the smallest differences are obtained with Cavity_3 then Cavity_2, whereas Cavity_1 presents the largest ones.
Thus, in the ideal case of an isotropic field, the standard deviations of the three electric field components are equal. To evaluate the isotropy of the modes, we propose the indicator Δσ defined in (3). Its value, constrained between 0 and 1, decreases when the three standard deviations become similar. Δσ is equal to 1 when one field component vanishes whereas, in the ideal isotropic case, it is vanishing. Fig. 8(a)-(d) indicates Δσ varies highly with the mode order. However, this indicator globally decreases with the frequency in all cavities, with a stabilization of its mean and standard deviation around the 150th mode. In the whole frequency band, we notice that the lowest mean and maximum values of Δσ are obtained with Cavity_3. The mean values of Δσ, calculated for each cavity from its 31th mode, are given in Table III . The lowest mean values are obtained with Cavity_3 then Cavity_2, indicating an improvement of the field isotropy compared to the classical RC equipped with a mode stirrer.
V. SPECTRAL FLUCTUATIONS
RMT has introduced various statistical tools to analyze spectral fluctuations of chaotic cavities [6] . We use here the simplest one: the fluctuations of the counting function N (f ). The latter gives the actual number of resonant modes up to the frequency f. Its smooth part N av is related to the geometry of the cavity through Weyl's law that takes the presence of the caps and hemispheres into account [32] . In our case, N av is given by a polynomial expression whose leading term at high frequencies is 8 π V (f/c) 3 , with V the cavity volume and c the speed of light. According to RMT, the fluctuations of the modal density around the mean modal density characterize the cavity behavior from regular to chaotic [25] . In Fig. 9(a)-(c) , the fluctuating part of the counting functions N − N av respectively associated with the three chaotic cavities is shown within the frequency range [0.4, 1.28 GHz]. The first 19 modes are not shown since the large scale fluctuations computed from the tangential modes (TgM) are not pertinent in the corresponding frequency range [0.214, 0.4 GHz]. For Cavity_1, with only one hemisphere, the deviations from RMT predictions concerning these fluctuations are important, thus indicating the significant presence of nonergodic modes in the spectrum. Indeed, in spite of the defocusing part of the boundary, the cavity still possesses parallel walls and remains close to a parallelepiped-shaped room. In such a cavity, many modes are reminiscent of the modes of a regular one for which ergodic features are not expected. As already mentioned, the most important family of regular modes consists of TgM which, in the parallelepiped-shaped cavity, have a wave vector quantized in the planes parallel to the walls of the cavity. The counting function for TgM perpendicular to each axis can be obtained through a procedure introduced in [25] and has recently been extended by Gros et al. [33] to the case of RCs. In Fig. 9 , the red dotted curve corresponds to the contribution of TgM to N − N av . Note that the amplitudes of the fluctuations are progressively reduced from Cavity_1 to Cavity_3 due to the corresponding suppression of TgM. In Cavity_3, the remaining fluctuations are much closer to the amplitude predicted by RMT. As in the previous sections, the comparison is extended to Cavity_4 [see Fig. 9(d) ] which, here again, exhibits a behavior intermediate between Cavity_1 and Cavity_2. And this is particularly well illustrated by evaluating the standard deviation σ of N − N av as shown in the inset for each cavity.
VI. FIELD HOMOGENEITY AND ISOTROPY
Uniformity and anisotropy coefficients defined in the norm [31] apply to the field excited within the RC and not to the cavity eigenmodes. In this part, we will rebuild the field at each frequency from the previously determined eigenmodes to allow a comparison of the studied cavities regarding the standardized criteria. For an enclosure excited at the angular frequency ω, the field at ω can be expanded on the cavity eigenmodes as [34] − →
where
, with Q m the quality factor of the mth eigenmode. e m is the mth eigenmode field whose mean of the square electric field amplitude on the whole cavity volume V is normalized to one. k m is related to the mth resonant angular frequency ω m by k m = ω m /c, with c the speed of light in vacuum. The current J represents the source.
In the following, a pointlike current source of amplitude 1/ √ 3 along each axis of the Cartesian coordinate system is placed at the position indicated in Fig. 2 
with S the total surface area of the cavity walls and δ the wall skin depth. The modal expansion (4) shows that the spectral width of each resonance is nonzero. Thus, the modes are not only excited at their resonance frequencies, but their weighting rapidly decreases outside the vicinity of the resonant frequency. This rebuilt field will be used to apply uniformity and anisotropy standardized criteria to Cavity_3 and Cavity_4. The frequency step, chosen equal to the third of the smallest frequential mode bandwidth, is of 54 kHz for Cavity_3 and 52 kHz for Cavity_4.
The field uniformity is characterized by four standard deviations. The standard deviation associated with a field component E i (i = x, y or z) is calculated as [31] σ i,dB = 20 · log 1 + σ i E i max (6) where the standard deviation σ i and the mean value E i max are calculated from the maximal field amplitudes attained over a stirrer rotation at each of the eight vertices of a cube. A global indicator σ tot is also calculated using the maximal field amplitudes obtained by combining the three field components. As in our study the stirrer (or hemisphere) is modeled at a fixed location, we replace the stirrer motion by the translation of the eight sampling points. For that purpose, we consider a cube of size 0. According to the norm [31] , a good approximation of the LUF is given by the 60th mode resonance frequency. This corresponds to about 665 MHz for the studied cavities. We can notice that the 3 dB limit for the total standard deviation (see Fig. 11 ) is not respected for the conventional cavity in the studied frequency band. For Cavity_3, the 3 dB limit is respected by the total standard deviation from 546 MHz except for three frequencies (associated with peaks between 3 and 3.31 dB); because of the tolerance of the norm for a maximum of three peaks above 3 dB per octave, the criterion relative to the standard deviation can be considered as respected from this frequency. The mean values of the four standard deviations obtained for both cavities (see Table IV ) clearly indicate that a better homogeneity is attained with Cavity_3. Using the same procedure, we also determined the field anisotropy coefficients given by [11] 
where α and β indicate directions of mutually orthogonal Cartesian components, and the average is performed first on the cube positions then on the eight cube vertices. A global anisotropy indicator can also be calculated using
At each frequency, a volumetric average of these four coefficients is then performed by calculating their arithmetic means over the eight cube vertices. The obtained anisotropy coefficients are given in Fig. 12 . The comparison of the curves obtained for both cavities (see Fig. 12 ), as well as the mean values of the four anisotropy coefficients (see Table V ) clearly show that a better field isotropy is attained with Cavity_3, with anisotropy coefficients below the expected −3 dB limit from 622 MHz except for a few isolated frequencies.
VII. CONCLUSION
As most resonant modes in chaotic cavities present spatially homogeneous and isotropic fields, we drew inspiration from studies developed in the field of wave chaos to propose three simple geometric modification of a parallelepiped-shaped cavity with the aim of following the requirements for well-operating RCs. Using simulation results, comparisons between these three chaotic cavities and a classical RC equipped with a mode stirrer have been performed. In a first stage, we demonstrated that the ratio of field components of modes following a normal distribution is, for two chaotic cavities, higher than for the classical RC, and that this ratio grows with increasing frequency. The field isotropy was also discussed from the analysis of the standard deviations of the three components and, for each mode, of their dispersions; the good performances of the chaotic cavities were confirmed. In complete accordance with these findings in the spatial domain, we also performed a comparison in the spectral domain. We showed how the modifications of the chaotic cavities allow a significant reduction of the role of regular modes on the spectral fluctuations: by reducing the amount of facing parallel surfaces in the chaotic cavities, the spectral fluctuations become closer to those expected from RMT predictions. By rebuilding the total electric field from the simulated eigenmodes, we then applied standard homogeneity and isotropy criteria, which also permitted to conclude that better performances are obtained with the chaotic cavity than with the conventional RC.
The major conclusion from the results presented in this paper is that facing parts of parallel walls should be eliminated from any RC where ergodicity of modes is wanted. The very simple cavity modifications we propose, consisting of inserting metallic hemispheres or caps on the cavity walls, while also avoiding placement that results in geometrical symmetries, permit a significant improvement of the field statistical properties. The stirring process is not addressed in this paper but the adaptation of these new cavity shapes to mechanically stirred reverberation chambers could be performed in two ways. The first one would consist in improving a classical RC equipped with a stirrer by inserting three metallic caps on its walls, so that no parallel flat facing surfaces subsist; the advantage of this approach residing in the very simple and low cost required modification. In the second one, the chaotic cavity itself could be used as an RC and one hemisphere could be used as a mode-stirrer by moving it on the cavity wall. In both approaches, it is expected that the spectral overlap of homogeneous and isotropic modes will lead to better statistical field properties than when the modes do not individually meet the required statistical properties. It would result in the improvement of the reverberation chambers operation especially in the weak overlap regime, with a potential decrease of their LUF.
